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Existence of an effective fermion vertex to lattice gravity
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It is shown that an effective fermion vertex arises to lattice gravity coupled with fermions. The
vertices are associated with gravitational instantons, much as the effective fermion vertices arising
due to the existence of fermion zero modes associated with instantons in the Yang-Mills theory.
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I. INTRODUCTION
It has been shown many years ago that an effective chiral fermion vertex associated with each instanton in the
Yang-Mills theory coupled with massless Dirac fermions arises [1]-[5]. The physics is as follows. Consider 4D Yang-
Mills theory with the gauge group SU(2) coupled with N massless Dirac fields Ψi, i = 1, . . . , N . Let’s express the
partition function for Euclidean signature as the path integral over Yang-Mills and Dirac fields. The pure classical
Yang-Mills equations have nontrivial topological solutions with finite action — instantons [6]. The Dirac massless
operator possess fermion zero modes, one for each Dirac field (if the instanton topological charge is q = ±1) which
are localized in the vicinity of instanton [7], [1], [2]. The Dirac zero modes have definite chirality depending on
the instanton topological charge q = ±1. The zero modes, in turn, create an effective chiral fermion vertex. For
definiteness, let’s presume that the instanton is located in the vicinity of a point x and its topological charge is q = 1.
Then the effective vertex (for Minkowski signature) is written as
V = κe−8π
2/g2 det
st
{
ΨsR(x)ΨtL(x)
}
. (1.1)
Here the indices s, t = 1, . . . , N enumerate the ”flavor”, the quantity 8π2/g2 is the instanton action. The arguments
leading to the result (1.1) are as follows. Let’s consider fermion functional integral in the external gauge field for
vacuum-to-vacuum transition amplitude (with zeroth fermion sources). The integral is proportional to {det(iDˆ)},
where (iDˆ) is the Dirac operator in the external gauge field. Since in the considered case the Dirac operator has zero
eigenvalues, so the amplitude is equal to zero. Now let’s introduce the sources in the integral, so that the Dirac part
of action SΨ =
∫
d(4) xΨ†iDˆΨ becomes equal to SΨ =
∫
d(4) xΨ†{iDˆ + J}Ψ. In this case the fermionic functional
integral gives us
det{iDˆ + J}, (1.2)
which is not equal to zero since the lowest eigenvalues will become different from zero and they are of the order of
∼ J . Evidently, the factor of the determinant (1.2) describing the lowest eigenvalues is equal to
∼ det
st
jst(x),
jst(x) =
∫
d
(4) yΨ
(x)†
0 (y)Jst(y)Ψ
(x)
0 (y). (1.3)
The designation Ψ
(x)
0 (y) is used for zero mode associated with instanton located in the vicinity of a point x. It can
readily be understood that the fermionic functional integral (1.2), (1.3) has the same effect (up to a c-number factor)
as the functional integral∫
DΨ†DΨexp
{∫
d
(4) yΨ†
(
iDˆ + J
)
Ψ
}
det
st
{
Ψ†s(x)(1 + γ
5)Ψt(x)
}
. (1.4)
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2If this is the case, creation of the effective fermion vertex (1.1) is established. First of all the zero eigenmodes for all
flavors conveniently reproduce the fermionic propagators connecting x with the sources J(y), if |y − x| ≫ ρ, where ρ
is the scale of instanton, because of Ψ
(x)
0 (y) ∼ |y − x|
−3 for |y − x| ≫ ρ. Secondly, the fact that (1.3) does have the
same quantum selection properties as (1.1) is also evident if we regularize correctly fermionic functional integral. For
example, one can take the regularized fermion fields as
Ψ(x) =
∑
|ǫN |<Λ
ηNΨN(x), iDˆΨN (x) = ǫNΨN (x), (1.5)
where {ηN} are new Grassmann variables and Λ −→ ∞. The fermion zero modes are present at this decomposition
of fermi-fields. The vertex (1.1) has nonzero matrix elements only between the states with
∆Q5 ≡
∫
d
(4) x∂µJ
5µ =
∫
d
(4) xA5 = 2N. (1.6)
From now on A5 denotes axial gauge anomaly in Yang-Mills or gravity theory. The quantity (1.3) also describe the
process (1.6).
II. A SHORT DESCRIPTION OF LATTICE GRAVITY AND SOME NECESSARY RESULTS
It is necessary to sketch out the model of lattice gravity ( Euclidean signature) which is used here. A detailed
description of the model is given in [8]-[10]. We use here the γa-matrices, a = 1, . . . , 4, in spinor representation, so
that γ5 and σab = 1/4[γa, γb] are diagonal and block-diagonal matrices, correspondingly. The orientable 4-dimensional
simplicial complex and its vertices are designated as K and aV , the indices V = 1, 2, . . . , N→∞ andW enumerate the
vertices and 4-simplices, correspondingly. We assume here that K ≈ R
4 in a topological sense. It is necessary to use
the local enumeration of the vertices aV attached to a given 4-simplex: the all five vertices of a 4-simplex with index
W are enumerated as aWi, i = 1, 2, 3, 4, 5. The later notations with extra index W indicate that the corresponding
quantities belong to the 4-simplex with indexW . The Levi-Civita symbol with in pairs different indexes εWijklm = ±1
depending on whether the order of vertices s4W = aWiaWjaWkaWlaWm defines the positive or negative orientation of
4-simplex s4W . An element of the group Spin(4) and an element of the Clifford algebra
ΩWij = Ω
−1
Wji = exp (ωWij) , ωWij ≡
1
2
σabωabWij ,
eˆWij = eˆ
†
Wij ≡ e
a
Wijγ
a ≡ −ΩWij eˆWjiΩ
−1
Wij . (2.1)
are assigned for each oriented 1-simplex aWiaWj . The Dirac spinors ΨV and Ψ
†
V are assigned to each vertex aV .
The used representation realizes automatically the separation of a total gauge group into two sub-group: Spin(4) ≈
Spin(4)(+) ⊗ Spin(4)(−). For example
1
2
σabωabWij =
iσα
2
(
ωα(+)Wij 0
0 ωα(−)Wij
)
,
ωα(±)Wij ≡
{
±ωα4Wij +
1
2
εαβγω
βγ
Wij
}
.
The considered lattice action has the form
A = Ag +AΨ,
Ag = −
2
5 · 24 · l2P
∑
W
∑
i,j,k,l,m
εWijklm×
× tr γ5ΩWmiΩWijΩWjmeˆWmkeˆWml,
AΨ = −
1
5 · 242
∑
W
∑
i,j,k,l,m
εWijklm×
× tr γ5ΘˆWmieˆWmj eˆWmkeˆWml,
ΘˆWij =
i
2
γa
(
Ψ†Wiγ
aΩWijΨWj −Ψ
†
WjΩWjiγ
aΨWi
)
≡
≡ γaΘaWij . (2.2)
3This action is invariant relative to the gauge transformations
Ω˜Wij = SWiΩWijS
−1
Wj , e˜Wij = SWi eWij S
−1
Wi,
Ψ˜Wi = SWiΨAi, Ψ˜†Wi = Ψ
†
Wi S
−1
Wi
SWi ∈ Spin(4).
The action (2.2) reduces to the continuum action of gravity in a four-dimensional Euclidean space in the limit of
slowly varying fields. Consider a certain 4D sub-complex of complex K with the trivial topology of four-dimensional
disk. Realize geometrically this sub-complex in R4. Thus each vertex of the sub-complex acquires the coordinates xµ
which are the coordinates of the vertex image in R4:
xµWi = x
µ
V ≡ x
µ(aWi) ≡ x
µ(aV), µ = 1, 2, 3, 4.
The four vectors
dx
µ
Wji ≡ x
µ
Wi − x
µ
Wj , i = 1, 2, 3, 4 (2.3)
are linearly independent. In the continuous limit, the holonomy group elements (2.1) are close to the identity element,
so that the quantities ωabij tend to zero being of the order of O(d x
µ). Thus one can consider the following system of
equation for ωWmµ
ωWmµ dx
µ
Wmi = ωWmi, i = 1, 2, 3, 4 . (2.4)
In this system of linear equation, the indices W and m are fixed, the summation is carried out over the index µ, and
index runs over all its values. Since the differentials (2.3) are linearly independent, the quantities ωWmµ are defined
uniquely. Thus equations (2.4) define uniquely the connection 1-forms ωab = ωabµ dx
µ.
If the fields ωµ smoothly depend on the points belonging to the geometric realization of each four-dimensional
simplex, then the following formula is valid up to O
(
(dx)2
)
inclusive
ΩWmiΩWij ΩWjm = exp
[
1
2
Rµν(xWm) dx
µ
Wmi dx
ν
Wmj
]
,
where
Rµν = ∂µων − ∂νωµ + [ωµ, ων ] ≡
1
2
σabR
ab
µν .
In exact analogy with (2.4), let us write out the following relations for a tetrad field without explanations:
eˆWmµ dx
µ
Wmi = eˆWmi −→ e
a = eaµ dx
µ.
Applying above-listed formulas to the discrete action (2.2) and changing the summation to integration in the case
smoothly varying field we obtain the well known form of gravity action:
A =
∫
εabcd
{
−
1
l2P
R
ab ∧ec ∧ ed −
1
6
Θa ∧ eb ∧ ec ∧ ed
}
,
γaΘa = γa
i
2
[
Ψ†γaDµΨ− (DµΨ)
†
γaΨ
]
dx
µ,
DµΨ = ∂µΨ+ ωµΨ, Ψ =
(
φ
χ
)
.
It has been proved that the instanton-like self-dual solution does exist in the outlined lattice theory of pure gravity
[11]. In contrast to the well known Eguchi-Hanson solution to continuous Euclidean Gravity [12], the lattice solution
is asymptotically globally Euclidean, i.e., the boundary of the space as r −→∞ is S3 = SU(2). This solution satisfies
the general equations
δAg /δω
α
(±)Wmi = 0, δAg /δe
a
Wmi = 0,
as well as the duality equations
ωα(−)Wmi = 0←→ Ω(−)Wmi = 1.
4The boundary conditions are as follows:
Ω(+)Wij = −1, s
4
W ∈ k,
eaV1V2 = φ
a
V2 − φ
a
V1 , aV1aV2 ∈ k, aV1aV2 /∈ ∂ k,
where k ⊂ K is a finite sub-complex containing the centre of instanton with the boundary ∂ k ≈ S3. At infinity (r ≫ ρ)
we have
eaµ dx
µ =


r
2 (sinψ d θ − sin θ cosψ dϕ)
r
2 (cosψ d θ + sin θ sinψ dϕ)
− r2g(r) (cos θ dϕ+ dψ)
g(r)−1 d r

 , g(r) =
√
1−
ρ4
r4
,
iσα
2
ωα(+) −→ U
−1
dU, U = exp
(
−
iσ3
2
ϕ
)
exp
(
iσ2
2
θ
)
exp
(
−
iσ3
2
ψ
)
.
Here (θ, ϕ, ψ) are the Euler angles varying in the ranges 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π, 0 ≤ ψ ≤ 4π, and (θ, ϕ, ψ, r) are
the coordinates of Euclidean space R4.
It has been proved also that the lattice fermion zero mode associated with lattice instanton and localized in the
vicinity of the instanton does exist [13]. To demonstrate the statement, let’s consider the ”half” of fermion action
(2.2) which describes the dynamics of right fermion field φ:
A(φ) = −
1
5 · 6 · 24
∑
W
∑
i,j,k,l,m
εWijklmεabcdΘ
a
(φ)Wmie
b
Wmje
c
Wmke
d
Wml,
Θa(φ)Wij =
1
2
(
χ†Wiσ
aΩ(+)WijφWj + φ
†
WjΩ(+)Wji(σ
a)†χWi
)
,
σa ≡
(
σ1, σ2, σ3, i
)
. (2.5)
It is convenient to write the continuous variant of the introduced fermion lattice action (2.5) in the form
A(φ) =
∫
d
(4) x
(
det ebλ
){1
2
eµa
[
χ†σaD(+)µφ+ c.c.
]}
,
D(+)µ ≡ ∂µ +
i
2
σαωα(+)µ.
One must solve lattice equations
δAΨ(+) /δφV = 0, δAΨ(+) /δχ
†
V = 0, (2.6)
as well as their complex conjugate equations, against the background of instanton field. It is proved in [13] that two
localized solutions of Eqs. (2.6) (fermion zero modes) do exist. Here only the asymptotic behavior of the fermion zero
modes is interesting. For the instanton located at the zero point the solutions are as follows:
φ0 =
Const
r3
exp
(
iσ3
2
ψ
)( √
tan (θ/2)√
cot (θ/2)
)
, r ≫ ρ,
φ0 =
(
iσ2φ0
)∗
. (2.7)
Here the upper index ∗ means complex conjugation. For both solutions
χ†0V = 0, χ0V = 0 for all vertices aV .
It is known that two spinors φ and φ =
(
iσ2φ
)∗
transform identically under the gauge transformations Spin(4)(+)
or SU(2)(+) [14]. So the decomposition of the field φ analogous to that in (1.5) must be as follows:
φsV = ηs 0 φ0V + η
†
s 0 φ0V + ( all the rest). (2.8)
We have ∑
V
φ
T
0V(iσ
2)φ0V = 1, φ
T
0V(iσ
2)φ0V = φ
T
0V(iσ
2)φ0V = 0.
The upper index T means matrix transformation.
5III. THE EFFECTIVE FERMION VERTEX ASSOCIATED WITH INSTANTON IN THE LATTICE
GRAVITY THEORY
3. Now we reproduce the logic of the Point 1 for the case of gravity. It is assumed that the right fields φs,
s = 1, . . . , N are introduced. To avoid the fermion determinant vanishing, the fermion action (2.5) is modified by
adding the sources term
∆AΨ(+) =
∑
s,t,V
{Js,t,Vφ
T
s,V(iσ
2)φt,V + c.c} =
=
∑
s,t,V
(
Js,t,V + J
∗
s,t,V
) [
φ
T
0V(iσ
2)φ0V
] (
η†s0ηt0 + η
†
t0ηs0
)
+ ( all the rest).
Then the fermion functional integration leads to the expression (1.3), where now one must use
jst(x) =
∑
s,t,V
{(
Js,t,V + J
∗
s,t,V
)
φ
(x)T
0V (iσ
2)φ
(x)
0 V
}
,
which, in turn, leads to an effective fermion Lorentz invariant vertex (compare with (1.1))
V ∼ det
st
{
φTs (x)σ
2φt(x) + φ
†
s(x)σ
2φ†Tt (x)
}
. (3.1)
The designation φ
(x)
0V is used for instanton zero mode solution located in the vicinity of a point x (the instanton
centre).
The result of the work is given by the last formula.
There is a significant difference between Yang-Mills and gravity theories concerning instanton physics. For simplicity
let’s consider the case N = 1. In Yang-Mills theory the integral in (1.6) is
∫
d(4) xA5 = 2 for instanton. The axial
anomaly is present also for gravity theory, but in this case
∫
r>ρ d
(4) xA5 = 1/4 even if we use the continuum
calculations up to the region where lattice instanton has singularity. Such calculation seems to be incorrect. It is not
clear also how one can count essentially lattice contribution into axial anomaly? But there is a positive argument for
the fact that the lattice gravity instanton leads to ∆Q5 = 0. Indeed, in the continuous limit for Minkowski signature,
the action (2.5) transforms into the action
Aφ =
∫
d
(4) x
(
det ebλ
)
eµa
{
φ†σaD(+)µφ
}
,
σa =
(
1, σ1, σ2, σ3
)
,
describing the dynamics of right relativistic fermions. This action can not generate ∆Q5 6= 0.
IV. CONCLUSION
More recently, the idea that neutrino masses and so neutrino oscillations are generated by gravity interaction is
discussed (see, for example, [15], [16]).
Note that the vertex (3.1) generates neutrino oscillations. Thus the result of the work is resonant in a sense with
the works cited above.
We emphasise that the effect does exist only for lattice gravity. The reason is that the gravitational instanton as
well as fermion zero mode exist only for lattice case but not for totally continuum theory.
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